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ABSTRACT
Relevance. When solving inverse problems of reconstruction spatial distribution of diffuse 

pollutant flow characteristics in small rivers, there arises inevitably the question related to 
the required number of design points. For the correct mathematical analysis, the number of 
design points used should be very significant (hundreds). A real field experiment, as a rule, is 
limited to a small number of points (dozens). However, at present, the influence of the number 
of design points on the stability of solving inverse problems for the equation of transporting 
conservative pollutants is poorly studied, although this issue is a key one when comparing the 
data of mathematical calculation and field measurements. In the presented paper we analyze 
the influence of the number of measurements of dissolved pollutant concentration on the value 
of its total mass flow rate in the process of diffuse runoff in small rivers. Methods. Calculation 
was based on the Monte Carlo method with randomization of pollutant concentration values. 
Results. When carrying out numerical experiments for a given set of test functions it was found 
that stable values of the required parameters (the total mass flow rate and the Peclet number) 
depend on the number of design points determining the spatial distribution of pollutant 
concentration on the site under study. It was found out that the stable values of parameters 
are determined by the number of points, five to ten times exceeding the number of unknown 
coefficients of the approximating polynomial. Dependence of values of required parameters on 
the number of design points for the results of field measurements was analyzed.
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INTRODUCTION
As follows from numerous studies devoted to solving inverse problems of 

reconstruction diffuse runoff of pollutants in polluted small rivers [1-9], the ques-
tion of the number of required measurements of pollutant concentration distri-
bution is poorly studied. When carrying out a numerical experiment, with pre-
set random deviations, there are issues related to incorrectness of the problem 
under study (these problems are discussed, for example, in research [10]). As a 
result, in this case it is necessary to use such and such methods of regularization, 
which require a large number of data (as a rule, hundreds of design points [11]). 

In the process of mathematical modeling, researchers may not limit them-
selves in this respect, examining any number of points with the given value of 
pollutant concentration (usually this issue is not discussed in studies). For ex-
ample, the regularization method used in [11] requires about 400 points to re-
store the total mass flow rate of the pollutant. As a rule, the number of points 
is determined by the integration step of the corresponding advection-diffusion 
equation. However, the amount of data in a real field experiment is limited [12-
19]. There arises a reasonable question of how correct it is to apply inverse problem 
methods to a small number of field measurements. In research [20], the optimi-
zation method is used to evaluate the specific mass flow rate of pollutants and 
the corresponding Peclet numbers for six measurement points. It is shown that 
the analysis done allows us to obtain some effective parameter values. At the 
same time, studies devoted to direct comparison of calculation data and field 
measurement data in literature available have not been found. The analysis of 
this problem seems to be extremely important because its solution will clarify 
the above dilemma and make it possible to adapt the general calculation meth-
odology to field measurement data.

Paper [10] considers methodology for calculating the total mass flow rate 
of a conservative pollutant getting to a watercourse at a given number of 
points determining concentration distribution (50 points). It is obvious that 
depending on the nature of the test function behavior (mass flow rate of 
the pollutant per unit length) stability of calculation results will depend on 
the number of observation points for the field or numerical experiment. The 
purpose of this study is to determine the limits of stable calculation results 
depending on the number of measurements. The calculation results given in 
[10] are used as initial data.

CALCULATION METHODS
In research [10], the following test functions for the specific mass flow rate of 

a pollutant in the interval of 0 to 1 were introduced:

(z) = 0,2 + 0,3z – 0,25z2,                                                (1)

(z) = 0,2ez + 0,2z4,                                                   (2)
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(z) = 0,2 + 0,2e  + 0,45e .                               (3)

The inverse problem for reconstruction the total mass flow rate distribution was 
considered:

~(z) =  (z)dz.                                                      (4)

In this case, function ~(z) is represented as a polynomial:

~(z) =  an z  n.                                                    (5)

On the basis of the stationary advection-diffusion equation with the help 
of the nonlinear global optimization and Monte Carlo methods, it was found 
that for functions (1) – (3) the third degree of the polynomial gives quite stable and 
correct results of solving the inverse problem. For the algorithm of the Mon-
te Carlo method there were used N = 1000 variants of random deviations of 
dimensionless concentration values in interval δ = ± 0.05. To analyze the influence 
of the number of measurements on the results of solving the inverse problem, 
the following methodology is applied in the present work. For each of functions 
(1) – (3) with the help of the Monte Carlo method at N = 1000, δ = ± 0.05 calcula-
tion was done in order to analyze stability of calculation results of the main pa-
rameters: the Peclet number α and the total mass flow rate of the pollutant over 
the whole interval under study – ~(1). The number of calculation points – k for 
different degrees of the polynomial (5) is a variable parameter.

Fig. 1 shows calculation results of pollutant concentration distribution and 
the total mass flow rate for function (3) at different degrees of the polynomial 
and different numbers of calculation points at known values α = 10, θ1 = 1,5, α 
being the Peclet number, θ1 being the dimensionless pollutant concentration in the 
lower section [10].

At the given degree of the polynomial there was found a minimum num-
ber of points at which calculation still gives stable results (when using a smaller 
number of points, physically unrealizable values of the required parameters are 
observed, which under specified conditions of randomization begin to fluctu-
ate in wide intervals). For m = 1 the minimum required number of points is 5,  
m = 2 – 10, m = 3 – 35. Fig. 1 shows that in domains of parametric stability, the 
result of the total mass flow restoration depends weakly on the number of design 
points. The largest visible deviations (about 15 per cent) are observed at k = 5 for 
the first degree of the polynomial (Fig. 1a). However, at k =10 deviations are less 
than 1 per cent. At m = 2, m = 3 curves practically coincide with each other and 
with the exact solution to the direct problem [10]. 
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Fig. 1. Distribution of pollutant concentration θ and total mass flow rate ~  
for function (3) at different degrees of the polynomial  and different numbers  

of calculation points k:  a – first degree of polynomial m=1, 1–k=5 , 2–k=10, 3–k=50;  
b – second-degree of polynomial m=2, 1–k=10, 2–k=50; с – third degree  

of polynomial m=3, 1–k=10, 2–k=50.
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Fig. 2. Dependences of parameters α, ~(1) on the number of calculation points for function 
(1)  for various degrees of polynomials: a is reconstructed value of the Peclet number;  
b is reconstructed value of the total mass flow rate. Horizontal dotted lines determine  

the exact solution of the direct problem [10].
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In [10], it was found that at the given randomization parameters for func-
tion (3), the value of the total flow rate is ~(1) = 0.49. For m=1, it is ~(1) = 0.4.  
However, for m = 2, m = 3 this value is close to the calculation value (~(1) ≈ 0.5). 
In [10], the exact problem solution gives ~(1) ≈ 0.46. Thus, the second degree of 
the polynomial is quite sufficient for obtaining correct results when calculating 
for 10 or more points of the interval under study. It should be noted that calcula-
tion for test functions (1) and (2) gives similar results. 

However, determination of the Peclet number and calculation of the total 
mass flow rate of the pollutant require a more detailed quantitative analysis.  
Fig. 2 shows the results of calculation of dependences of parameters α, ~(1) on 
the number of calculation points for test function (1). It should be reminded that 
this function varies weakly with coordinate and distribution of specific mass 
flow rate in the interval under study is close to the homogeneous one.
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As follows from Fig. 2a, for the polynomial of the first degree, the value of the 
Peclet criterion is close to the exact value and weakly depends on the number of 
design points up to k = 5,  calculation results being stable. The second degree of 
the polynomial gives comparatively overestimated values of α,  calculation results 
being also stable towards changing the number of design points up to k = 10. The 
third degree of the polynomial gives the closest to the exact parameter value α at 
k = 50, but with a decrease in the number of design points, there is an increase in 
the value of the parameter, at k = 20 there being a loss of stability. It can be con-
cluded that polynomials of the first and the second degrees give values of the mass 
flow rate that depend slightly on the number of points (Fig. 2b). Thus, despite the 
fact that polynomials of the first and the second degrees show quite correct and 
stable results, the most accurate parameter values are determined by the third 
degree of the polynomia at the number of points k = 50.

A different situation is observed for function (2) (Fig. 3): the corresponding 
dependence has an accelerated exponential growth. Calculation results are sta-

Fig. 3. Dependences of parameters α, ~(1) on the number of calculation points  
for function (2) for various degrees of polynomials: a is the reconstructed value  

of the Peclet number; b is the reconstructed value of the total mass flow rate.
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ble with respect to the number of points used, parameter α being most accu-
rately determined with the third degree of the polynomial (Fig. 3a). In contrast to 
function (1), the first degree polynomial gives the worst result, while the second 
degree of the polynomialgives a satisfactory result, stability of the calculation de-
termined with a minimum of ten points. The latter is explained by the fact that 
function (1) changes insignificantly in the interval under study, while function 
(2) is characterized by rapid growth making linear approximation unsuitable for 
it. Calculation of value ~(1) gives similar results (Fig. 3b). For the third degree of 
the polynomial, stable results start from thirty points. 

The results of calculating parameters α, ~(1), for function (3) are shown in  
Fig. 4. The test function is nonmonotonic and has two maxima in the interval 
under study [10]. The second and third degree of the polynomials give close results 
both with respect to calculating the Peclet number and the total mass flow rate 
(Fig. 4), calculation results being also stable with respect to the number of cal-
culation points. However, even in this case, the third degree of the polynomial  is 

Fig. 4. Dependences of parameters α, ~(1) оn the number of calculation points  
for function (3) for various degrees of polynomials: a is the reconstructed value  

of the Peclet number; b is the reconstructed value of the total mass flow rate.
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preferable at k ≥ 35. Calculation shows that in all the cases considered, increasing 
the number of design points does not lead to changing parameter values for all 
degrees of polynomials. Here it should be noted that randomization of initial data 
does not enable us to get exact results determined when solving the direct prob-
lem, deviation of definable values from the  exact ones being 5–7 per cent.

It is evident that the number of points necessary for correct calculation of the 
values examined above depends on the behavior of test functions. In all these 
cases, the most accurate results correspond to the third degree of the polynomial, 
which is the highest of degrees under study. However, for all functions except the 
simplest one (1), a relatively large number of points are necessary to obtain stable 
results. Indeed, for functions (2) and (3) stable results start at k = 30 and k = 35, 
respectively. The limiting factor is the highest degree of the polynomial at which 
randomization for the data available is possible in the interval under study. The 
higher the degree of the polynomial is the more accurate are the estimates of de-
finable values. At the same time the degree of polynomial at which stable results 
are realized depends on the number of design points. It can be assumed that the 
criterion of correctness of calculation is the closeness of values of calculation 
parameters for quadratic and cubic equations and independence of their values 
from the number of design points.

In conclusion of this section, it should be noted that calculation for other val-
ues of the Peclet number and pollutant concentration at the right boundary θ1 for 
the given test functions (1) – (3) leads to practically the same results with respect 
to stability of definable values.

Field Measurements
To apply the above methodology to the results of field measurements, the 

data of research [19] discussed in [10] were used. There were taken six meas-
urements of dissolved cobalt (Co) concentration on the river section of 80 km 
length. The global minimum corresponding to the first degree of polynomial (5) 
at a1 = 0.228, α = 7.3 was determined using nonlinear optimization method. To 
verify the correctness of the calculated values, it was proposed to increase the 
number of design points up to k = 100 applying further the Monte Carlo method 
with randomization parameters (N = 1000, δ = ± 0.05). Fig. 5 shows distribution 
of concentration and total mass flow rate of pollutant for the number of points 
under the given randomization conditions. 

As it follows from Fig. 5, results of the concentration distribution calculation 
depend weakly on the degree of the polynomial, which is characteristic of the 
incorrect inverse problem. However, when increasing the degree of the polyno-
mial, for the total mass flow rate distribution   convergence of simulations to a 
certain limiting dependence defined by value ~(1) ≈ 0.3 is clearly observed. The 
latter is illustrated in more detail in Fig. 6, which shows the corresponding de-
pendences of parameters  on the number of design points.  



13No. 2, 2025  WATER SECTOR OF RUSSIA: PROBLEMS, TECHNOLOGIES, MANAGEMENT

WATER/ECONOMIC SECTOR MANAGEMENT 

а

б ~
(1)

α

Fig. 6. Dependences of the parameters а – α; b – ~(1) on the number of calculation  
points for various degrees of the polynomial for field measurements  

of the distribution of dissolved Co concentration.

Fig. 5. Distribution of dissolved Co concentration θ and corresponding total mass flow 
rate ~ in the Hawkesbury–Nepean River section [19], obtained using the nonlinear 

optimization method at k=100 with different degrees of the polynomial (5):  
1–m=1, 2–m=2, 3–m=3, 4–m=4; 5 is results of field experiment. 
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The given dependences are in many respects similar to those considered ear-
lier for the given test functions. Stable results of the Peclet number calculation 
(Fig. 6a) are observed for the second degree of the polynomial at k ≥ 20, for the 
third degree of the polynomial at k ≥ 50, for the fourth degree of the polynomial 
at k ≥ 60. We can assume that in this case we see convergence of calculation 
values to some limiting values, which are determined by the mode of randomiza-
tion of the initial data. Thus, if we assume one hundred measurements present 
under the given randomization conditions, we can speak about quite certain val-
ues of required parameters: α ≈ 8.7, ~(1) ≈ 0.3. Consequently, six measurements 
in this case are not enough and the obtained results of calculation (~(1) ≈ 0.22, 
α ≈ 7.3) can be considered as the first approximation giving the estimated values 
of parameters.

RESULTS AND DISCUSSION

In mathematical models related to solving inverse problems for the advec-
tion-diffusion equation, the key issue is to reconstruct distribution of the spe-
cific mass flow rate of a pollutant on the site under study based on the data of its 
concentration distribution [1-9]. However, the problem of calculating the total 
mass flow rate characterizing the diffuse runoff is no less significant. This value 
is a well-defined calculation parameter for a given set of field measurements, 
along with the Peclet number, which is a priori unknown (this issue is discussed 
in detail in [10]). Thus, in this case, we should determine not the distributed, but 
the concentrated (effective) parameters. To some extent, it makes the problem 
more definite. 

When solving inverse problems of the above class, there inevitably arises a 
question concerning the amount of necessary information about spatial distri-
bution of dissolved pollutant concentration. Obviously, this is not a problem in 
mathematical modeling. However, when analyzing a set of field measurements it is 
crucial. Indeed, for the correct mathematical analysis when using regularization 
methods, the number of calculation points should be quite significant (hundreds 
of points). At the same time, a reasonable question arises: what number of points 
is necessary to obtain stable calculation results of the effective parameters indi-
cated above?

The presented paper analyzes stability limits of results of calculating the to-
tal mass flow rate and the Peclet number with respect to the number of points 
used in numerical and field experiments. The number of design points and the 
polynomial degree for determining the total mass flow rate (5) were variable 
parameters. A set of independent test functions and randomization parameters 
discussed in [10] were used for calculation. Unknown parameters are found to 
be best determined with the third degree of polynomial, but for this purpose it is 
necessary to use about k = 50 points. Summarizing the obtained results, we can 
state the following:



15No. 2, 2025  WATER SECTOR OF RUSSIA: PROBLEMS, TECHNOLOGIES, MANAGEMENT

WATER/ECONOMIC SECTOR MANAGEMENT 

– for each polynomial degree there is a bottom limit depending on the num-
ber of design points, below which calculation results cease to be stable;

– if the number of design points exceeding the specified limit, results of param-
eter calculation depend weakly on their number; 

– the polynomial degree increasing,  values of calculation parameters tend to 
some limit value. 

The number of parameters is determined by the polynomial degree and the 
unknown Peclet number. As follows from calculations, the number of design 
points to obtain reliable and stable results should exceed approximately the 
number of unknown parameters by10 times (the number of coefficients plus the 
Peclet number), which corresponds to [21]. Indeed, for the third degree of the 
polynomial in all cases considered, the required number of points should be of 
the order of 40, for the second degree of the polynomial – of the order of 20.

When analyzing field measurements, there were obtained results similar to 
test calculations. Considering the results of six measurements to be the first ap-
proximation, calculation for the number of measurements  was done. With the 
number of design points and the polynomial degree increasing, there was found 
a convergence of calculation values to some limiting values. Thus, we can assume 
that in this case, the criterion of correctness of calculation results is stability of 
values of definable parameters in relation to the number of design points and the 
polynomial degree. 

CONCLUSION

In the presented work,  for the first time we analyzed the influence of the 
number of design points on solving the inverse problem of determining the total 
mass flow rate of a dissolved pollutant and the Peclet number for pollution of 
small rivers. At randomization of calculation data, the Monte Carlo method was 
used for one thousand realizations of random deviation of pollutant concentra-
tion values. 

In the course of numerical experiment for the given test functions it was 
found that with the degree of approximating polynomial increasing, there 
increases the required number of calculation points providing stability of  
required values. It was found out that in order to obtain reliable results, the 
number of design points should be approximately 10 times higher than the 
number of unknown parameters (in this case these are polynomial coeffi-
cients and the unknown Peclet number). The most reliable values for test 
functions under study correspond to the third degree of the polynomial, the 
number of design points being more than forty. The polynomial of the first 
degree gives a reasonable estimation of values of required parameters. Sce-
nario calculations show that an increase in the number of design points caus-
es convergence of definable values to some stable values. 
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The proposed method allows us to obtain stable calculation results of values 
determining diffuse runoff of conservative pollutants of small rivers at a small 
number of field measurements. The method can be used for monitoring the an-
thropogenic load on diffuse pollution of water bodies.
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